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u(x; t) =
Z

(x;t)
	(y; s) dyds (x 2 Rd; t  0); ??? (1)

(x; t) := f(y; s); 0 < s < t; jy   xj < R(t) R(s)g; R(t) :=
Z t
0
(s) ds: (2)
??? u, , 	???????????, ????, ?????????. ???????????
?, ????????????????, ??????? ;	????????????????.
???
??? (1)??????????, ?????????????. ?????, ?????????
???? (1)????????????.
?? 1. ????? d = 2m+1 (m = 0; 1; : : :)??, u(x; t)? (1) ???????. u(x; t); 	(x; t);
(t) (x 2 Rd; t  0)??????????, (t) (t  0)????????. ????, u(x; t)??
1
??????????????:8<:Hm+1 u(x; t) = (2m)!! 2m+1m	(x; t)=(t) (x 2 Rd; t > 0);@`tu(x; 0) = 0; ` = 0; 1; : : : ; d (x 2 Rd); ??? (3)
Hw(x; t) := 1
(t)
@t

@tw(x; t)
(t)

 4w(x; t):
(3)?, time cone??????????????????. d = 1; 3?????????????
??, ?????????????, ??????????????????????????. ?
??, ??? time cone???? (3)??????????????????????????.
???
?????, 1?? time cone??????????? (t)?????????????????
????????. Dirichlet??????????, ?????? d = 1?????????? (3)
???????????????????????????:
?? 1. L > 0; T > 0??, u?????????.8>>><>>>:
Hu(x; t) = 2	(x; t)=(t) (0 < x < L; 0 < t  T );
u(x; 0) = @tu(x; 0) = 0 (0 < x < L);
u(0; t) = u(L; t) = 0 (0 < t  T ):
(4)
???? 	??????, ???? ?, ?????? u(  ; T )????????.
????? 4????????, u(  ; T )? (2)??????R(t)?????????????
?. (t) = R0(t)???, ?????????????:
1. ???????????????????, ??????????????????, Tikhonov
?????????, ???????????????????? R(t) ????.
2. R?? ???????,????????, ?????????.
?????????????????????????.
???
?????????????? (3)???, ???? 	(x; t)????????????????
???. ??????, ?????????????????????????. ?????, ???
??????????????????:
?? 2. 
  Rd (d = 1; 2; 3)????????????????, !  
; T > 0??????, u(f)
?????????:
u(f)
8>>><>>>:
@2t u(x; t) 4u(x; t) = f(x)h(x; t) (x 2 
; 0 < t  T );
u(x; 0) = @tu(x; 0) = 0 (x 2 
);
@u(x; t) = 0 (x 2 @
; 0 < t  T ):
????, h??????, f ??????? u(f)j!(0;T ) ????????.
! ? T ????????????, f ????????????????????? 
 ???
Lipschitz????????. ???????????, ???????????:
min
f2L2(
)
J(f); J(f) := ku(f)  uk2L2(!(0;T )) + kfk2L2(
); (5)
???  > 0?????????, u ??????????????. ?????????????
??????????, ???????????:
fm+1 =
K
K + 
fm   1
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Z T
0
h z(fm) dt (K > 0; m = 0; 1; : : :); (6)
???, z(fm)?????????. ???? (6)???????, ???????????????.
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?????, 3?? time cone???????, ??????????????? 	??????
??, ??????????????, (3)?????????????????????. 	(x; t) =
f(x) g(x; t)????, Neumann??????????, ?????????????:
?? 3. 
  R3????????????????, !  
; T > 0??????, u(f)?????
????.
u(f)
8>>><>>>:
H2u(x; t) = f(x)h(x; t) (x 2 
; 0 < t  T );
@`tu(x; 0) = 0 (x 2 
; ` = 0; 1; 2; 3);
@u(x; t) = @4u(x; t) = 0 (x 2 @
; 0 < t  T );
??? h(x; t) := 8 g(x; t)
(t)
: (7)
????, g; ??????, f ??????? u(f)j!(0;T ) ????????.
????????????, ??????????????? L2-??????? Carleman??
????, ?????? Lipschitz????????.
?? 2. @
? C3 ???, u? (7)?????. ???, f 2 L2(
)??, g ? ????????
????. ??, ???? !????? T ?????, ??????????. ????, ????
C = C(
; !; T; g; ) > 0?????, ??????:
kfkL2(
)  C
 
k@4t u  2@2t4ukL2(!(0;T )) + k@tukL2(0;T ;H2(!)) +
3X
k=2
k@kt ukL2(!(0;T ))
!
:
?????????, ?????????, (5)????????????????, (6)????
???????. 3????????????, ????????????.
???
???????????????,?????????????????????????????
?????????. ????????????????????, ?????????, ?????
??????????????????????????: @t u+Au = F , ??? @t u (0 <  < 1)
? Caputo?????, A?????????????. ??????????????, ????
???????????????????????????????????????????.8>>>>><>>>>>:
mX
j=1
qj@
j
t u(x; t) +Au(x; t) = F (x; t) (x 2 
; 0 < t  T );
u(x; 0) = a(x) (x 2 
);
u(x; t) = 0 (x 2 @
; 0 < t  T );
(8)
??? 
  Rd ????????????????, j ; qj (j = 1; : : : ;m)??????, 1 > 1 >
   > m > 0?? q1 = 1???. ???????????????, ?????????????
?????????????????, ??, ????????????????????????
???????????. ???????, ?????????????????????????
?????????????m = 1???????, ?????????????. ???????
????, m  2??????????????????????.
???
?????, m = 1???, (8)???????????, ?????????????????.
?? 3. a 2 L2(
)? a  0; 6 0 ????, F = 0, m = 1??, u? (8)?????. ????, ?
?? x 2 
???, ft > 0; u(x; t)  0g??????????, ???????1???.
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??????????, ??????????????????????????????.
?? 4. x0 2 
, T > 0??????, a = 0, F (x; t) = (t) g(x), m = 1??, u? (8)?????.
???,  2 C1[0; T ], g 2 C10 (
)???. g?????????????????, (t) (0  t  T )
?, ?????? u(x0; t) (0  t  T )?????.
???
?????, m  2???? (8)????????????????? t !1????????
???. ???, ?????????Mittag-Leer??????????, ???????????
?, ??????????????.
?? 4.   0????, ???? A ????, D(A)?????????. C > 0??????.
(1) F = 0; a 2 D(A) ( 2 [0; 1])???. ????, (8)??????????, ??????:
ku(  ; t)kH2(
)  CkakD(A)t1( 1); k@tu(  ; t)kL2(
)  CkakD(A)t1 1 (0 < t  T ):
(2) a = 0; F 2 Lp(0; T ;D(A)) (p 2 [1;1];  2 [0; 1])???. ????, (8)????????
??, ??????:
p = 2????; kukL2(0;T ;D(A+1))  CkFkL2(0;T ;D(A));
p 6= 2????; ??? " 2 (0; 1]????; kukLp(0;T ;D(A+1 "))  C" kFkLp(0;T ;D(A)):
?????????, (8)??? (1; : : : ; m)? (q1; : : : ; qm)???????????????.
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m???????????
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+ (ruh(t);rvh) = (Fh(t); vh) (8 vh 2 Xh; 0 < t  T );
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??? ah; Fh? a; F ?????????. ?????????????????, ???? (9)??
???????????????????????:
?? 5. u? uh ????? (8)? (9)?????. C > 0??????.
(1) F = 0; a 2 D(A) (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kuh(t)  u(t)kL2(
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
8<:C h2kakD(A);  = 1;C h2(1+min(;0))j lnhjkakD(A)t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;0) 1);  1=2 <   1=2:
(2) a = 0; F 2 L1(0; T ;D(A)) (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kuh(t)  u(t)kL2(
) + hkr(uh(t)  u(t))kL2(
)  C h2(1+)j lnhj2kFkL1(0;t;D(A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???Galerkin ???????, (9)????? Caputo?????????  > 0??????
?????. ???????????????, ??? h?  ?????.
???, ????????????????????, ?? 2??????????????.
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